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Abstract
We found that the integral of four Hermite polynomials integrated with squared weight over the
real line generates symmetric polynomials with a beautiful recursive property. We pose a question
whether that integral admit an explicit formula or not. The question has a certain interpretation in
the theory of Hermitian matrices.
1 Claims and question
The purpose of this note is to attract attention to the following problem. Let Hn(x), n ≥ 0 be Hermite
polynomial orthogonal on the real line with the weight e−x
2
(a.k.a. “physicists’ Hermite polynomials” to
distinguish with “probabilists’ Hermite polynomials” [1]),∫ +∞
−∞
Hn(x)Hm(x)e
−x2dx =
√
pi 2nn!δnm,
(where δnm is the Kronecker delta, equal to δnm = 1 if n = m and equal to δnm = 0 otherwise) so that
the leading coefficient is Hn(x) = 2
nxn + . . . , and several first polynomials are
H0(x) = 1, H1(x) = 2x, H2(x) = 4x
2 − 2, H3(x) = 8x3 − 12x, H4(x) = 16x4 − 48x2 + 12.
Consider products of Hermite polynomials, and integrate them over the real line but not with the ‘native’
weight e−x
2
, but rather with squared weight e−2x
2
; denote 1
Hn :=
√
2
pi
∫ +∞
−∞
Hn(x)e
−2x2dx,
Hnm :=
√
2
pi
∫ +∞
−∞
Hn(x)Hm(x)e
−2x2dx,
Hnml :=
√
2
pi
∫ +∞
−∞
Hn(x)Hm(x)Hl(x)e
−2x2dx,
Hnmlk :=
√
2
pi
∫ +∞
−∞
Hn(x)Hm(x)Hl(x)Hk(x)e
−2x2dx.
(1.1)
Our interest is in explicit formulas for Hn,Hnm,Hnml,Hnmlk. We found them for products of no more
than 3 polynomial, i.e. for Hn,Hnm,Hnml, and did not manage to do this for Hnmlk. However, we claim
that Hnmlk generates symmetric polynomials with very beautiful recursive property (1.5).
1There must be no confusion between integral Hn and polynomial Hn(x), since we always write polynomial with argument.
1
Claim 1
(a) Hn = (−1)
n
2 (n− 1)!!, n is even,
= 0, n is odd,
(b) Hnm = (−1)
n+m
2 (n+m− 1)!!, n+m is even,
= 0, n+m is odd,
(c) Hnml = (n+m− l − 1)!!(n −m+ l − 1)!!(−n +m+ l − 1)!!, n+m+ l is even,
= 0, n+m+ l is odd,
(1.2)
Here n!! is the double factorial, defined by 0!! = 1, 1!! := 1, n!! = n · (n − 2)!!. It makes sense for all
non-negative integers, and also for negative odd integers, so that
(−1)!! = 1, (−3)!! = −1, (−5)!! = 1
3
, (2n− 1)!!(−2n − 1)!! = (−1)n. (1.3)
Observe that in formulas (1.2) we use double factorial only of odd integers. Besides, each subsequent
integral H embeds previous ones, so that Hn0 = Hn, Hnm0 = Hnm.
Dear reader, looking at formulas (1.2) are you ready to guess a formula for Hnmlk? It is not that easy.
Claim 2
Hnmlk = (−1)k(n+m− l − k − 1)!!(n −m+ l − k − 1)!!(−n +m+ l − k − 1)!!Pk(n,m, l), (1.4)
where Pk(n,m, l) is a symmetric polynomial of degree 2k with respect to variables n,m, l. It is determined
recursively by conditions P0(n,m, l) = 1,


Pk(k − 1,m, n) = (m− n)2Pk−1(k,m, n),
Pk(k − 2,m, n) = (m− n− 1)2(m− n+ 1)2Pk−2(k,m, n),
Pk(k − 3,m, n) = (m− n− 2)2(m− n)2(m− n+ 2)2Pk−3(k,m, n),
Pk(k − 4,m, n) = (m− n− 3)2(m− n− 1)2(m− n+ 1)2(m− n+ 3)2Pk−4(k,m, n),
. . .
Pk(1,m, n) = (m− n− k + 2)2(m− n− k + 4)2 · . . . · (m− n+ k − 4)2(m− n+ k − 2)2P1(k,m, n),
Pk(0,m, n) = (m− n− k + 1)2(m− n− k + 3)2 · . . . · (m− n+ k − 3)2(m− n+ k − 1)2P0(k,m, n).
(1.5)
or, in a shortened form, for j = 0, 1, 2, . . . , k − 1,
Pk(j,m, n) =
k−j−1∏
l=0
(m− n− k + j + 1 + 2l)2 · Pj(k,m, n). (1.6)
Question:
Is there a nice closed formula for Hnmlk?
2 Discussion about Pk(n,m, l).
Without going into details of proof of Claim 2, let us show how recursive formulas (1.5) work in practice.
1. For k = 0 we have P0(n,m, l) = 1.
2
2. For k = 1 formulas (1.5) read as
P1(0,m, n) = (m− n)2P0(1,m, n) = (m− n)2 = m2 + n2 − 2mn.
However, P1(l,m, n) is a symmetric w.r.t. all variables, and this allow only one option for it, namely
P1(l,m, n) = m
2 + n2 + l2 − 2mn− 2ml − 2nl.
3. For k = 2 formulas (1.5) read as
P2(1,m, n) = (m− n)2P1(2,m, n) = (m− n)2(m2 + n2 + 4− 2mn− 4m− 4n),
P2(0,m, n) = (m− n− 1)2(m− n+ 1)2P0(2,m, n) =
(
m2 + n2 − 2mn− 1)2 .
In view of symmetricity of P2(l,m, n) and the fact that degree of P2 is equal to 4, the second formula
allows us to determine2 the P2(l,m, n) up to terms lmn and lmn(l +m + n), which we can not see for
l = 0 :
P2(l,m, n) =
(
m2 + n2 + l2 − 2mn− 2ml − 2nl − 1)2 + C1mnl +C2mnl(m+ n+ l),
and substituting the latter into the formula for P2(1,m, n) allows us to determine the constants C1, C2 :
we find C1 = −16, C2 = 0.
4. We can continue for bigger values of k in the same manner as for k = 1, 2. This gives us subse-
quently 3
P2(m,n, l) =[m
2 + n2 + l2 − 2(mn +ml + nl)− 1]2 − 16mnl = (P1 − 1)2 − 16mnl,
P3(m,n, l) =
(
P 31 − 8P 21 + (−48mnl + 16)P1 − 64mnl(m+ n+ l − 3)
)
,
P4(m,n, l) =
(
P 41 − 20P 31 + (−96mnl + 118)P 21 + (960mnl − 180)P1−
− 256mnl(m3 + n3 + l3) + 256mnl(m2l +m2n+ l2m+ l2n+ n2l + n2m)+
+2304m2n2l2 − 1536mnl(mn +ml + ln) + 2304mnl(m + n+ l)− 3936mnl + 81) ,
P5(m,n, l) =P
5
1 − 160mnlP 31 − 40P 41 − 640mnl(m+ n+ l)P 21 + 528P 31 +
+ 3840m2n2l2P1 + 3200mnlP
2
1 − 7680mnl(m3(n + l) + n3(m+ l) + l3(m+ n))+
+ 14336mnl(m3 + n3 + l3) + 15360mnl(m2n2 + n2l2 +m2l2) − 2560P 21+
+ 33280m2n2l2(m+ n+ l) − 26624mnl(m2(l + n) + l2(m+ n) + n2(m+ l))−
− 17920mnlP1 − 172032m2n2l2 + 122880mnl(mn + nl +ml) −
− 102400mnl(m + n+ l) + 4096P1 + 122880mnl.
Here we denoted for shortness P1 = P1(l,m, n).
4. It is possible to continue further, however, the expressions for the first Pk do not suggest any nice
structure for the polynomials of higher degree.
3 Discussion about proofs
Since we did not reach our goal, which was an explicit expression for Hnmlk, I do not think that complete
proofs of Claims 1, 2 will engage a reader. However, I would like to offer a discussion about possible ways
to prove them and about difficulties on those ways.
2They are the only symmetric terms that depend on l multiplicatively and have degree less or equal than 4.
3We repeat signs after line breaking, so ‘-’ at the end of a line combined with ‘-’ in the beginning of the next line means ‘-’.
3
Hermite polynomials admit a generating function [1],
e2xr−r
2
=
∞∑
n=0
Hn(x)
n!
rn.
Taking product of e2xr−r
2
, e2xs−s
2
, and so on, multiplying by e−2x
2
and integrating, we find subsequently
∞∑
n=0
rn
n!
+∞∫
−∞
Hn(x) e
−2x2dx =
+∞∫
−∞
e2xr−r
2
e−2x
2
dx = e
−1
2
r2
√
pi
2
. (3.1)
∞∑
m,n=0
rnsm
n!m!
+∞∫
−∞
Hn(x)Hm(x) e
−2x2dx =
+∞∫
−∞
e2xr−r
2+2xs−s2e−2x
2
dx = e
−1
2
(r−s)2
√
pi
2
. (3.2)
∞∑
m,n,l=0
rnsmtl
n!m!l!
+∞∫
−∞
Hn(x)Hm(x)Hl(x) e
−2x2dx =
=
+∞∫
−∞
e2xr−r
2+2xs−s2+2xt−t2e−2x
2
dx = e−
1
2
(r−s−t)2+2st
√
pi
2
,
(3.3)
∞∑
m,n,l,j=0
rnsmtluj
n!m!l!j!
+∞∫
−∞
Hn(x)Hm(x)Hl(x)Hj(x)e
−2x2dx =
=
+∞∫
−∞
e2xr−r
2+2xs−s2+2xt−t2+2xu−u2e−2x
2
dx = e
−1
2
(r−s−t−u)2+2(st+su+ut)
√
pi
2
.
(3.4)
Exponent terms in the r.h.s. are written not in a symmetric way, but rather in a way most convenient
for expanding them in power series of the variables r, s, t, u, where applicable.
Expanding, for (3.1) and (3.2) we obtain
∞∑
n=0
Hnr
n
n!
=
∑
n ≥ 0,
n even
(−1)n2 Cnnrn
(n2 )! 2
n
2
, (3.5)
∞∑
m,n=0
Hnmr
nsm
n!m!
=
∑
m ≥ 0, n ≥ 0,
m + n even
(−1)m−n2 Cnn+mrnsm
(n+m2 )! 2
n+m
2
, (3.6)
where Ckp =
p!
k!(p−k)! , k = 0, 1, . . . , p is a binomial coefficient. After elementary transformations these
formulas give us statements (a), (b) of Claim 1. It is important that in both formulas (3.5), (3.6) the
number of indices of summation in the r.h.s. coincides with the number of indices in the l.h.s.
However, this pattern breaks and things start to getting worse already for (3.3). Namely, (3.3) gives
rise to a power series with 4 indices 4, which is more than 3 indices on the l.h.s. Situation is even worse for
formula (3.4), which produces 8 indices of summation 5. Hence, it is not feasible to simplify summation
formulas directly, but since the expressions for these formulas are already found in Claims 1, 2, one can
prove them by induction.
4Indeed, exponent gives 1 index, and sum (r − s− t)2k gives 3 indices.
5Indeed, 1 index is produced by exponent, 4 indices are produced by (r − s− t− u)2k term, and 3 indices are produced
by (st+ su+ ut)n−2k term.
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4 Discussion about Pk(n,m, l), continued.
It is only formula (1.4) which is not proved in Claim 2. Once we assume that (1.4) holds true, the
recurrence formulas (1.5) for polynomials Pk(n,m, l) follow from symmetricity ofHk,l,m,n and the triviality
formula
(l +m− n− k − 1)!!(l −m+ n− k − 1)!!(−l +m+ n− k − 1)!!·
· (−l +m− n+ k − 1)!!(−l −m+ n+ k − 1)!!(l −m− n+ k − 1)!! = 1. (4.1)
5 Some further formulas
Formula (1.6) can be rewritten in the form
Pk(l,m, n)
Pl(k,m, n)
=
(m− n+ k − l − 1)!!2
(m− n− k + l − 1)!!2 .
Furthermore, from (1.4) and (4.1) it follows that
H2klmn = (−1)
l+m+n+k
2 ((−l +m+ n− k − 1)!!)2 Pl(k,m, n)Pk(l,m, n) =
=
(−1) l+m+n+k2
((l −m− n+ k − 1)!!)2Pl(k,m, n)Pk(l,m, n).
In the above formula, changing k, l with m,n and then multiplying, we get (using the last formula in
(1.3))
H4klmn = Pl(k,m, n)Pm(k, n, l)Pn(k,m, l)Pk(l,m, n)(−1)l+m+n+k.
6 Recurrent formula for Hnmlk.
The next idea belongs to Di Yang [3]: using the recurrence formula for Hermite polynomials
Hn(x) = 2xHn−1(x)− 2(n− 1)Hn−2(x), H ′n(x) = 2nHn−1(x),
we obtain
Hnmlj =
√
2
pi
+∞∫
−∞
(2xHn−1(x)− 2(n− 1)Hn−2(x))Hm(x)Hl(x)Hj(x)e−2x
2
dx =
= −1
2
√
2
pi
+∞∫
−∞
(Hn−1(x))Hm(x)Hl(x)Hj(x)
(
e−2x
2
)
′
dx− 2(n − 1)Hn−2,m,l,j =
=
1
2
[2(n− 1)Hn−2,m,l,j + 2mHn−1,m−1,l,j + 2lHn−1,m,l−1,j + 2jHn−1,m,l,j−1]− 2(n − 1)Hn−2,m,l,j =
= −(n− 1)Hn−2,m,l,j +mHn−1,m−1,l,j + lHn−1,m,l−1,j + jHn−1,m,l,j−1.
This gives us another way to obtain Hnmlj
Hnmlj = −(n− 1)Hn−2,m,l,j +mHn−1,m−1,l,j + lHn−1,m,l−1,j + jHn−1,m,l,j−1.
For polynomials Pn(m, l, j) this relation becomes
Pn(m, l, j) =− (n− 1)(m+ l − j − n+ 1)(m− l + j − n+ 1)(−m+ l + j − n+ 1)Pn−2(m, l, j)−
−m(−m+ l + j − n+ 1)Pn−1(m− 1, l, j)−
− l(m− l + j − n+ 1)Pn−1(m, l − 1, j)−
− j(m+ l − j − n+ 1)Pn−1(m, l, j − 1).
5
This formula might be used to prove Claim 2, but it still does not allow to obtain or guess an explicit
expression for Hnmlj.
7 The original motivation.
The study originated from the interest of Khazhgali Kozhasov[4] in the following integral of determi-
nant:
Dn =
+∞∫
−∞
det [Hn+i+j(x)]
3
i,j=0 e
−2x2dx
or at least in asymptotics of Dn for large n. The Dn is related to the volume of Hermitian matrices with
two coinciding eigenvalues [4].
Expanding the above determinant, we will obtain a linear combination of terms Hnmlk, where all
n,m, l, k differ from each other by no more than 6.
It is Giulio Ruzza’s[5] idea to take a look at large n asymptotics of Hn, Hnm, Hnml (with n,m, l
being close to each other) and try to guess the asymptotic formula for Hnmlk. On this way one gets, as
n→∞,
Hn ∼ e
n
2
ln n
e
√
2(−1)n2
(
1 +O( 1
n
)
)
,
Hnn ∼ en ln
n
e
+n ln 2
√
2
(
1 +O( 1
n
)
)
,
Hnnn ∼ e
3n
2
ln n
e 2
√
2
(
1 +O( 1
n
)
)
,
Hnnn
Hn+1,n−1,n
∼ 1− 2
n
+O(n−2), Hn,n,n
Hn−1,n−1,n
∼ n− 1, Hn,n,n
Hn−2,n,n
∼ n− 3 +O(n−1),
Hn,n,0
Hn+1,n−1,0
∼ −1, Hn,n,0
Hn−1,n−1,0
∼ 2n − 1,
and it is possible to write down asymptotics of other quantities, in order to get an intuition, but we do
not pursue this idea further.
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